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A Lemmas for the autoregressive exponential families

In this section, some useful Lemmas are given for univariate autoregressive exponential family distributions.

Definition 3 (Autoregressive models). A generative model of x is considered to be autoregressive, if it
can be written as

R
2(6') = u(6") + 3 7.(6") (a:t—r - M(af—?")) +w(8Y), (14)
r=1
where 0 € R™ is the parameter vector at time step t, u is a trend function, v1,...,vg are the functions for

autoregressive coefficients and w is white noise so that E(w(0')) = 0 and Var(w(6)) < oo forallt =1,...,T,
and Cov(w(6%),w(0")) = 0 for all t # t'. To ensure local weak-sense stationarity for each t, the (complex)

roots y; of the polynomial 1 — Zgl vi(0s—i)yt must satisfy |yi| > 1.
Definition 4 (Autoregressive exponential family). Assume an autoregressive model defined by Def-

inition 3. The univariate distribution p(zt|{xt=1*=1;0'}) belongs in univariate autoregressive exponential
family, if its probability distribution can be written as

t—1:t—R
t|f t—1:t—R. gt Q' {z }) b Tyt {2t T RN (0Y)
z'{z ;0 j=1 =345 (AN 15
platl{ =" ; (15)
where Q is a base measure, Z is a normalizing constant, Ty,..., T are sufficient statistics and 0% is a

parameter vector at time point t. The dimension k € {1,2,...} is assumed to be minimal, meaning that the
distribution p cannot be written in form (15) using a smaller k' < k.

Lemma 1. Consider autoregressive exponential family distribution. The components of sufficient statistics T
of the distribution are linearly independent. In other words, if there exists a € R* so that oy T} (zf, {1} +
o Ty (2t {2tV RY) = 0, then a = 0.

Proof: Assume that the components of T are not linearly independent. Then, there exists o € R*, o # 0,

meaning that for some i € {1,...,k}, a; # 0. By reordering the indices, we can assume that ay # 0. Then,
we can write Ty (z!, {xt~ 14 F}) = Zf;ll ST, {27171, Let A5(6") = (A;(0") + 52\, (6")). Then, the

term in the exponent of (15) can be written as

k-1
ZT t {;Ct 1:t— R} ZT t {.%'t 1:t— R}) ( ) Z%Tk(mt,{ft_l:t_l%}) (16)
Jj=1 j=1
- g et et (00 + o) an

k—1
_ ZTj(xt’{xtflztfR})A;(et)’ (18)
j=1

which contradicts the minimality of k£ in Definition 4. O
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Definition 5 (Strongly exponential autoregressive distributions). Fzponential autoregressive distri-
bution is considered strongly exponential if the following holds:

k
(36" cR™|Val,...,at Fex, ZTj(a?t, {27V RN (0Y) = const) = 1(X) =0 or A(8") =0, (19)

Jj=1
where | is a Lebesque measure.

Definition 5 says that strongly exponential distribution has the exponential component in its expression
almost surely, and the distribution can be reduced only to base measure and normalizing constant on a set
of measure zero.

Lemma 2. Consider a strongly exponential autoregressive family distribution whose sufficient statistics T
are differentiable almost everywhere. Then, T]’ #0 forall j =1,...,k almost everywhere on R.

Proof: Assume that p is strongly exponential autoregressive distribution. Let X = U;{z € R, TJ’» (z) =0}
and select any 6 for which A(8%) # 0. Then, for all x € X, it holds that

k
YTt AR A (67) = 0 (20)

j=1
k
= ZTj(xt, {27V R)N;(0Y) = const. (21)
j=1

By Definition 5, this means that I(X’) = 0. O
Lemma 3. Consider a strongly exponential autoregressive family distribution of size k > 2 so that the
sufficient statistics T are differentiable almost everywhere. Then, there exist k distinct points (zf, ... ,xﬁ_R),
e (k:c’,;, oot such that the vectors T'(xf, {2410, . T/ (2, {7 are linearly independent
in R¥.

Proof: Suppose that for any choice of such k points, the vectors T" (x4, {z{ ™ = F}), ... T/ (al, {71171
are not linearly independent, meaning that there are a subspace of R* of dimension ar most k£ — 1 in which
T'(RE) is included in. Thus, there exists @ such that A(@) € R¥ is a non-zero vector that is orthogonal to

T’(R). Because of the orthogonality, it holds for all zy, ..., 2!~ € R that Z?Zl T (!, {a! BN (07) =

0. By integrating, we find that Z?Zl T;(zt, {z == R})X;(0%) = const. Since A(0%)) # 0 and I(R) # 0, the
distribution cannot be strongly exponential, which contradicts the hypothesis.

Lemma 4. Consider a strongly exponential autoregressive distribution of size k > 2 for which the sufficient
statistics T are twice differentiable almost everywhere. Then it holds that

rank ((T{(:Et, {xtflztfR})’Tlll(l,t’ {xtflztfR})T’ s (Té(.’ﬂt, {$t71:t7R})7Té/(xt, {xtflztfR})T) Z 2 (22)
almost everywhere on R.

Proof: Suppose there exists a set X so that [(X) > 0, but the equation (22) does not hold. In other
words, for all j € {1,...,k} and = € X, the vectors (T} (z!, {«"~ V=) TV (2!, {a'~1*=H})T are collinear.

This means that there exists a vector a € R¥, o # 0, so that Z?Zl a;Tj(a!, {xt~1=RY) = 0. By integrating,
we get Z§:1 a;Tj(at, {x' =1 =F}) = const for all z € X. Since [(X) > 0, this contradicts the hypothesis.

Lemma 5. Consider P strongly exponential autoregressive distributions of size k > 2 for which the sufficient

statistics Tj, j = 1,..., P are twice differentiable almost everywhere. Let © = (x1,...,zp) € RY and
el (z;) = (0,...,0, T} (i), T}(2:),0,...,0) € R2P | 50 that the non-zero entries are at indices (25,25 +1).
Then the matriz E(z) = (e (zy),..., e R (21),...,ePVD(xp),..., ") (zp)) € RZPXPF has rank 2P

almost everywhere on RY.

Proof: As the non-zero entries are at indices (24,25 + 1), and there are k columns in the matrix E for
each j = 1,..., P, the matrix E has at least the rank of P. By using Lemma 4, it can be deduced that
for each j = 1,..., P, the submatrix E; = (e(j’l)(a:j), ..., eldk) (x;) has rank greater or equal to 2 almost
everywhere on R. Thus, it can be concluded that the rank of E is 2P almost everywhere on R”. O
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B Proofs

In this section, the proofs are provided for the main identifiability theorems and for all propositions. The
proofs of Theorems 1 and 2 closely follow the approach of [1], where the identifiability was proved for the
exponential family without autoregressive structure.

B.1 Proof of Proposition 1

Since (f,T,\) is identifiable up to block-affine transformation and R = 0, we have T'(2) = AT(z) + ¢
where A is a block-permutation matrix and ¢ is a constant vector.

Let 7 be the permutation of {1,..., P} induced by the block structure of A. For each i, the ith block
equation of the above is: TZ(ZZ) = A; +()Tr(i)(2x3:)) + ci where A; ;) is the k x k submatrix of A corre-
sponding to the transformation from the 7(i)th to the ith component, and ¢; € R* is the corresponding
subvector of c.

By applying g; to both sides for each i and using assumption (ii), we have a;Z; = §;(A; x5 Tr(s) (2 (i) +Ci)-
Let g,r(i)(zw(i)) = a%gi(Ai’ﬂ(i)Tw(i) (Z,r(i)) + CZ'). Then, we have Zi = gﬂ(i) (Zﬂ.(i)).

The permutation 7 defines a permutation matrix P, giving us
z=P(gi(21),...,9p(zp))". O

B.2 Proof of Theorem 1

Step 1. Let us denote = {z!"H" 8} x = 2' and z = 2z'. Suppose there are two sets of parameters

x”
0 = (f,T,\) and 6 = (f, T, ) such that prA(:c|a: u) =pi (@l u) for all (z|z™,u). Then

/prA x, z|lx” u)dz—/zpijx(a:,z\m*,u)dz (23)
— [ pratela” wps(alzdz = [ pps(ele wiglal)iz (24)
% /ZpT)\ zle”,u)pe(x — f(2))dz :/quzﬁj\(z@*,u)pe(:cff(z))dz (25)

— / prala(@)e, wpe(@ — &)|det(Jq(x))|dE = / pix(d(@)e, wpe(@ — &)|det(Jg(&))|dz  (26)
X X

— [ rrasue @@ree =8z = [ ips pue @(e)pela - )iz (27)

= (BT A frua— *P)(B) = (Pf 3 fua- * Pe)(T) (28)

= Flpra fue-(W)ee(w) = Flpg 5§01 (w)pe(w) (29)

A Flir e @) = FIBf5 fue @) (30)

= P fuae— (T) =DPi 5 fuz (T (31)

)
— In equation (26), J denotes Jacobian, a variable change = f(z) is introduced left hand side and
' = f(z) to right hand side.
— In equation (27), pra fuz- = PrA(@(@")|z™, u)|det(Jq(&))|1x(x) is introduced left hand side and
1, when x € X,

similarly to right hand side. The indicator function 1x(x) is defined as 1y (x) = { .
0, otherwise.

— In equation (28), x denotes a convolution operator.

— In equation (29), F' denotes Fourier transform, and ¢ = F[pe].

— In equation (30), ¢ is dropped from both sides because of assumption (i) (¢e is non-zero almost every-

where).

The step 1 guarantees that if the distributions with noise € are the same, then the noise-free distributions
have to be the same.
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Step 2. By starting from equation (31) and replacing the conditioning variable = with g(z~) =

{gt™1,...,q! "} (this can be done because f(q(x)) = =, meaning that q(x) contains the same information
as x), denoting that the transformation q is applied to all ¢!, i =t —1,...,t — R, we get the following form:
ﬁT,)\,f,u,w— (w) = ﬁ’f‘}x)f,u7m— (ZB) (32)

= pra(q(@)|g(e”), u)|det(Jq(x))|1x(z) = ps x(q(2)|g(x™), w)|det(Jg(x))|1x (z) (33)

By taking a logarithm on both sides of equation (33) and replacing pr, x and pz 5 with the form in equation
(5), we get:

k

P
log|det(Jq(@))| + ) (10gQi(a:(@), ai(® ™)) — logZy(u) + Y Ty j(ai(@), i@ ™)) Nij(u)) =
i=1

j=1

P k
log|det(Jg())| + Y _ (10gQi(Gi (), Gi(x ™)) — logZ;(u Z (7)) (w)) (34)
i=1 j=1
Let uo, ..., upg be the distinct points in assumption (iv). Then, we have Pk + 1 equations as in (34),
one for each point. By subtracting the first equation from the others, for point w;, [ = 1,..., Pk, we have
P k
> log + Z > (T (@), aile ™) () = A j(uo)) =
i=1 1=1 j=1
P 5 Pk 3 }
Z + > > (Toja@), aila ) (Mg (wn) = A j(uo)) (35)
= =1 j=1

Let us define A(u) = A(u) — A(ug), and subtract El L lo gZ (u°) both sides. Then we have

P k

ZZ %, qz qi CB ,] Ul Z]'Og
Z;

i=1 j=1

Nz Nz

(wr)

P k _
ZZ(Ti,j(di(w)aCii(w_))(&,j(w)) (36)
=1 j=1

Let us write by = ZP 1 log% and set b= (b1,...,bpg). Let L be the matrix in assumption (iv),

and L similar matrix for A. By expressing (36) in matrix form for all point b;, I = 1,..., Pk, we have:
L'T(q(x).q(x")) = LTT(q4(x).q(z")) +b (37)
— T(q(x),q(=z")) = (L") 'LTT(G(x),q(@")) + (LT)"'b (38)
— T(q(z),q(z")) = AT(4(z),q(z")) + ¢, (39)

where A = (LT)"'LT and ¢ = (LT)"'b.
Step 3. By assumption (iii), Jacobian of T' exists and is a Pk x P matrix of rank P. Because equation
(39) holds, it also holds that J(T'(g(z), g¢(x~)) = AJ(T(¢(x),q(x~))) and that rank(J(T(q(a:),q(w*))) =

rank(AJ(T(d(:c), (j(af)))) This leads to the fact that both A and J(T(g(z), §(z~))) are of rank P.

— If k =1, then A is invertible since it is a P x P matrix of rank P.
— If k > 2, define z = gq(x), 2= = q(z~) and T; = (Ti,l(éi,@_),... T; x(Zi,Z; ). Based on Lemma 3,
holds that for each i = 1,..., P, there exists k points (z/,z; 7), j = 1,...,k such that (T/(z},z," 1),

25 %

, T} (2%, z7°%)) are linearly independent. Let us define Q = (J(T'(z', 2™ 1)), oo J(T(2F,27°%))), where

each Jacobian is Pk x P matrix calculated with respect to z*, and the vector 2! and 27! are defined as 2! =

(z4,...,2%) and 27 (zf l, e 2;’1). Similarly define matrix Q for Jacobians of T(q(f(z")), @(f(z "))

for the same points [ = 1,..., k. Then, by differentiating the equation (39) for each x;, we get the following
in matrix form:

Q = AQ. (40)
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The matrix @ is invertible based on Lemma 3, and hence also A and Q are invertible. As we have
invertible A, the equation (39) says that the sufficient statistics are identifiable up to linear transformation
and a constant. 0

B.3 Proof of Theorem 2

Step 1. The assumptions of theorem 1 holds, so we have
T(q(z),q(z")) = AT(4(z),4(z7)) + ¢, (41)

where ¢ is a constant vector and A is an invertible Pk x Pk matrix. Let (7,1, a,b) be four indices so that
1<i< P,1<1<krefer to the rows of the matrix A, and 1 < a < P, 1 < b < k refer to the columns of
A. Let v(z) = ¢(f(2)) : Z — Z. The function v is bijective as f : Z — X and f : Z — X are injective
functions, and ~(f(z)) = z. Further, let there be two other indices ¢,d € {1,...,P}, ¢ < d and denote
ve = i ognd 11”1 = af‘gvd By differentiating (41) with respect to z., we get for each 1 < ¢ < P and
1<I< k the followmg

i v,

0T (2, 2, 6Ta7 Va(2),0a(27)) Ovg (2 - 8Ta, Va(2),0a(27)) Ovg (27"
zé )=2Ai,l,a,b< b(&(}agz) (=) ai”z b%vf(irf ) a( >>. (2)

a,b r=1

It holds that ava(z 2 =0 for all r = 1,..., R, as the values of previous time points do not depend on the
value of current tlme point. Thus, we have

OT; .1 (%, 2 Tap Ove(z)
R ik s A Aila, : . 43
0z, Z ba,b ( Ovg(z) Oz (43)
By differentiating (43) with respect to z4, we get

0T p(Va(2),v0(27)) Oa(2)  OTwp(va(2)) Ova(2) Dva(2)
0= Z Aitap < 024 02024 + 0%v4(2) 0z, 0Ozq ) ’ (44)

a,b

Let us define r}(2) = (v}2(2),...,0572F) € R™7 , r2(2) = (u}(2)02(2),..., 057 (20l (2)) €
R™5, M(2) = (r}(2).73(2),....7h(2),73(2) € R™ 7 X5 and e (z) = <o 0,77 4(21),
Ty (2),0,...,0) € R2P so that the non-zero entries are at indices (2a,2a + 1) and E( ) = (6(1 1)(21),

e R (), e (zp), ... e (2p)) € R2P*PE Finally, let A;; be the (i,1)th row of the matrix A.
Then, by gathering the equation (43) for all pairs (¢, d), ¢ < d and pairs (4,1) to a matrix form, we get

M(z)E(z)A = 0. (45)

By Lemma 5, the matrix E is of rank 2P almost surely on Z. Since the matrix A is full rank Pk x Pk
matrix, we have rank(EA) = 2P almost surely on Z. Hence, by multiplying (45) from right with the
pseudo-inverse of (EA) we have

M(z)=0. (46)

Particularly, 72 = 0 for all @ = 1,..., P. This means that at each z € Z, the Jacobian of v, J, has at most
one non-zero entry in each row. Because J,, is invertible and continuous, the locations of the non-zero entries
are fixed and do not change as function of z. This proves that the function g(f(z)) is a composition of a
permutation and a point-wise nonlinearity.

Step 2. Without loss of generality, we assume that the permutation in v is identity. Let T'(2) = T'(v(z))+
A~'c. In particular, T is then a point-wise nonlinearity. Then, the equation (41) can be written as

T(z,27) = AT(z,27). (47)
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Let W = A~!. Then, the equation (47) can be written for each component 1 < ¢ < P and sufficient statistic
1<I[<kas

Tii = DitasTap(za: 25 )- (48)
a,b

By differentiating both sides with respect to z., ¢ # i, we get

GTC za, z7)
onDmb : : (49)

C

By Lemma 1, we know that D;; ., = 0 for all 1 <b < k, and since (49) holds for all [ and ¢ # i, the matrix
D must have a block diagonal form

D,
D = . ; (50)
Dp
where each submatrix D1, ..., Dp is a kX k matrix. Then, also the matrix A has the same block diagonal form,
meaning that each submatrix A; transforms T;(z,z~) into T;(z,z7). Since T is a point-wise nonlinearity,
A has to be a permutation matrix. ad

B.4 Proof of Proposition 2

Based on the assumptions we have the following equalities

z 2
25 = @112 + a12%; + Cc1,

52 2
Z; = a21%; + az22; + C2,

for some constants a11, a2, as1, gz, c1 and co. By squaring the first equation, we have (a112; +a122i2 +cl)2 =
as1z; + agng + ¢o. In order the equation to hold for all z; € Z, it must hold that a5 = 0. Hence, we have
that éj = a11%; +C1- O

B.5 Proof of Proposition 3

Since (f,T,\) is identifiable up to block-affine transformation, we have T'(2) = AT(z) + ¢, where A is a
block-permutation matrix and ¢ is a constant vector.

Let 7 be the permutation of {1,..., P} induced by the block structure of A, and j = m;. Then we have
that T} ( S Z;*R) = Ai)jTg(zﬁ, e z;?*R), where A; ; is a k x k submatrix of A corresponding the indices
i and j. Because of Gaussian AR form (1), we have

p( |{Zt 1:t— R}u ,ut—R):
2
R —r _
(zi — i) = LI ()27 gt ) .
11;11 27r0Z ut 202 (ut) (51)
and similar form for Z; with parameter functions fi;,0;,%;1,...,%;r- Let vir = Yir (), pir = pi(ut —r)

and o; = 0;(u?). By expanding the nominator in the exponential term, we have

R R R

(20)? = 22fpi0 — 228 Y Vw2l T4 220 Niwbtir + Mo+ 2i0 D Viwzt
r=1 r=1 r=1

R R R R
(Z Wi,rzfir)Q - 2(2 ’Yi,rszr)(z ’72}7‘,“/2}7‘) + (Z ’Yi,rﬂi,r)? (52)
r=1 r=1 r=1 r=1
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From this form, it is easy to see that the minimal sufficient statistics are T; ; = (25)2, Tio= zf, Tiar=

zfzfﬂ, Tiar= zf*T, T 500 = zf*”zf*”, r,r1,72 € {1,..., R}. Similarly, we have the sufficient statistics
T](,i;, ce 2;712). Because of the block-affine identifiability, we have for each k1 € {1,...,k} that
k
Thrj = D o iThosi + iy (53)
ka=1
where ag, , ; and ¢; , are constants. Importantly, we have forallr = 0,..., R that 2;"“ = 222:1 kg 1 ,id o it

c; and (2;4)2 = 222:1 Aky ry.ilky i + ¢;- By squaring the first equation, we have that

k k

2
( § akz,T17iTk27i + Ciﬂ'l) = E : ak’zﬂ"z,iTsz + Ciyry- (54)
ko=1 ko=1

This equation holds only if the coefficients of the third order and above in the left hand side are zero, meaning
that a1 4,430,016, 45,r),r,,s = 0. Hence, we have for all 7y =0,...,Rand t = R+ 1,...,T that

R
2;_” - Z brlyrzyizl‘t—m t Cry i (55)
7‘2:0
where by, ,, ; are constants. Since (55) holds for all t = R+ 1,...,T, we also have the following equations:

R

~t t—r

Zi= E bo,r,iz; "+ Cos
r=0

R

~t __ t+R—
Z; = Z meizZ— "4 CRyi» (56)
r=0

where the second equation is obtained by shifting (55), for 7y = R, R time steps forward. From (56) we can
deduce that all coefficients by ,;, 7 # 0, have to be zero in order for the equations to hold for all t € {R+1,T'}.
Hence, we obtain 2 = by g,i2 + co,i, Which concludes the proof. O

B.6 Proof of Theorem 3
The lower bound of the data log likelihood (ELBO) (9) can also be written in the following format:

ELBO = qu(z\a:,u) (Inga(kai’ u) + KL(IOg de, (Z|(I3, T, u)\|p9(z|w, T, u)))a (57)

where KL is Kullback-Leibler divergence and the set ( f,T,j\) are parametrized by 6. Minimizing ELBO
given in (9) with respect to the parameters (6, 6y) is equivalent to minimizing (57), which means that in the
limit of infinite data, the KL term eventually reaches zero, making the loss equal to the data log likelihood.
Hence in this case, minimizing ELBO is equivalent to maximum likelihood estimation (MLE). As we assume
that Theorem 1 or Theorem 2 hold, the consistency of MLE guarantees that the estimation converges to the
corresponding identifiability class of the true set (f,T",A) in the limit of infinite data. O

C Additional simulation details

The parameters used in all simulation settings of Section 4.1, are provided in Table 1.
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Table 1. The parameters for the Matern covariance function in all simulation settings.

IC1 IC2 IC3 IC4 IC5 IC6

¢ 0.20 0.15 0.10 0.30 0.05 0.25
v 0.50 1.00 0.25 2.00 0.75 1.50




